
Università di Pisa – Corso di Laurea in Matematica

Exam paper of “Istituzioni di Analisi Matematica”
Pisa, 20 September 2022

1. Let us consider the functional

F (u) =

Z 1

0

�
u
0(x)2 + x

2
u(x)

�
dx.

(a) Discuss the minimum problem for F (u) with boundary condition u(0) + u(1) = 2.

(b) Discuss the minimum problem for F (u) with boundary condition u(0)� u(1) = 2.

2. Discuss existence, uniqueness, and regularity of solutions to the boundary value problem

(1 + u
0(x)2) · u00(x) = u(x)3 + sin6

x, u
0(0) = u(⇡) = 6.

3. Let B be an open ball in R2. For every real number p � 1, let us set

I(p) := inf

⇢Z

B

�
|ru|p + u

2
�
dx dy : u 2 W

1,p
0 (B) \ L

20(B),

Z

B

u
20
dx dt � 20

�
.

(a) Determine whether there exists p such that I(p) > 0.

(b) Determine whether there exists p such that I(p) = 0.

(c) Determine for which values of p it turns out that I(p) is actually a minimum.

4. For every function f : [0, 1] ! R, let us set

[Tf ](x) :=

Z x

0

cos t · f(t) dt 8x 2 [0, 1].

Determine whether the restriction of T defines

(a) a strong-strong continuous operator L
2((0, 1)) ! L

1((0, 1)) (and in case compute its
norm),

(b) a weak-strong continuous operator L37((0, 1)) ! L
73((0, 1)),

(c) a compact operator L5((0, 1)) ! L
50((0, 1)),

(d) a compact operator C0([0, 1]) ! H
1((0, 1)).

Every step has to be suitably motivated. Every exercise is marked considering
the correctedness of the arguments provided and the clarity of the presentation.
Just writing the answer without explanations deserves no marks.
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I

(a) OF (ee , o) = § 2eiÑ + ✗20 = § C- 2Ñ + ✗2) 0

+2 (eia)v4) - uicovco )

for every OE
Ct CEO, I]) with vco) + v4) =D , namely v4) = - VCO )

In the usual way we obtain

it = 1-2×2 ← ELE us eecx) =¥ ✗
"
+atbx

{ least UCD = 2 ← given BC of⇔ = f-×ˢtb
eici) = - etc) ← BC "outlet road

"

Teuposiwg Bcs we obtain

f- + b = - b at ¥
,
+ a tb = 2 us find aaudb ice a unique way

The corresponding llocx) = ¥
,
xcetatbx is the unique voice. point

because
I

Fcllotv ) = Fcuo> + OF Cleo, V ) + § V2 ≥ Fcuo)
-

i
any competitor

with equality iff v - constant
,
but the only constant with

VCO)+ VCD =D is @
.

(b) iwf = - O and a possible minimizing sequence is

lln (x) = - n - 2x

-o - o -



Cp )
'
= ↳ ELE and Lp =D NBC

Lcx , S ,P) = { P2 + ¥ P
"
-78p + 4- s

"
t serf × . s

4)
'
= @ + Ñ÷ -78 )

'

= ie + eiiii Lp ⇒ ⇔ ii. + F- ≥ 78

⇔ ie = 6

Variational formulation

win { §*[ F- + ᵈÉ -78in + 4- + sick - de]dx : tee H'CED
,
not) = 6 }
-

+well - defined
we allow & @ as a possible value of the functional ice H' Cco, it))

LCoeeepacteeess@LCx.s.p ) ≥ £ P2 + f- s
"
- A

↑ suitable constant

Every sequence with Fcuu) ≤ M satisfies Hein 11<2 ≤ M
'

and Klenke, ≤ M
"

In the usual way this implies that

line → Ilo cluif ice [0511] time - Ñ• weak LZ

The BC passes to the limit

LSI Rather standard Caaweeity wit p and uuifaaw . ou ee)

this implies the existence of at least one minimizer

Lpegutarity] Standard procedure . Coeuputiug F Cleo+to) and letting
t →0

,
with OG CECCO ,ñD we find

(ie + %ˢ - 78) ' = listSiu × us ELE in weak force
ee e tf ⇒ RHS C- Ci ⇒ ii.+ U÷ -78 c- Ct ⇒ lie ⇒ see C2

T

because cecp)=p+ §p3 is⇒ (bootstrap ) elect
with iuoerse of class

See a similar way we obtain the NBC Ccécp) ≥ 1 for eoay PER )
0@queuess Every solution is a minimizer , which are unique because

LT

Fcuotr) ≥ FCUO) + OF Cleo, v3 tf V2 ≥ Felix
0

with equality ⇔ i =-D ⇔ v ± constant ⇔ v=_o (because Vct) -0 )
- o - o -



(a)YES,eoeryp≥7T✓- naively whenever p* ≥ so .

Indeed

Pto

§ Itup +u• ≥ § Itup = 11 Pull% ≥ C Hee 11%0 ≥ c- 20

↑
Poincare - Sobolev

(b)YESseveryie.pe?#- Indeed , consider any nontrivial y c- CE (B)
.

Assume wwg that B has center in the origin
and that SB ≥ 20 (otherwise consider My , with M large) .
Set ujx) i. =

"

4 (xx) with × ≥ 1
.

Then all✗ C- WFP (B) and

cat1) p -2

§ up = Pa
→

§ ; § ni = Ia
-

¥42 ; § Map ≥ ↓ My IP

setting a = ¥ , when p - ¥ we obtain that § UP ≥ 20 and

§ 1PMxp +Ui → 0 ,
as required

E) Iuf=wiu⇔p>✓- we distinguish 3 cases .

• If p - ¥ , from point (b) we know that iuf =0 ,
which can

not be a ueiuiueuiu Cee would be a constant)

• If p > ,
then the embedding W¥ → Lt is compact .

See this case the standard direct method works
,
because

the condition see
"

≥ 20 passes to the limit .
• Ff p = 7T , then the same argument of point (b) shows that,
of all Cx) is a Coelepetition , then >

" '°
ee (xx) is a better

competitor for every > 1 (because Sei decreases) .



I

(a) YE⑦ / [Tf] cxs / ≤ / cost / - If A) Idt ≤ § I cost I. If (f)Idt
I 42

≤ {§ feet}
*✗ c- COD

↑ worm of the operator because we leave

equality when f-G) = cosx and ✗ =L

(b) YE⑦ If fm - for weakly ice L
"

,
then llfnHist is bounded

and therefore 11 TfnHwa is bounded Glidden inequality )
Moreover

✗

[Tfn] Cx) → J cost . fact)dt = [Tfo] Cx) V- ✗ c- coil]
0

Therefore Tfm → Tfo ice the pointwise sense with tf domination,
and leave Tfn → Tfo in it?

(c) YETT If {fn } C- Ls is bounded
,
then {Tfm } is equi -bounded

and equi - continuous .
Conclusion follows from Ascoli - Aneta!

y y

/Tfncx) - Tfncis) I ≤ § lost t.lfn.lt> Idt ≤ {§ last /
%} ¥ /Ifm 11<5

≤ ly -× /
"s

(d)N The sequence fncxl = siucnx) is bounded ice CEO, D) .

Now observe that [Tfn]
'

Cx) = cost . siucmx) → 0
.

As a consequence , the only possible limit ice L2 of a subsequence
[Tfnr]

'
is 0

,
but its uouu does not tend to 0

11Tfm 11% ≥ So
"¥ cost seeicmt)dt ≥ { §¥siu2Cmt)dt ~ ¥
- o - o -


