
IT

(a) OF Cu , v3 = J (2 it it 2MW - siux . U )

:
= J (- sit + see - Siu ×) 0 +2 (it OUT) - ie G) 062)
0

11

2V CIT)

us every view . point solves

ii. = all - £ Siu × (ELE )

{ UCO) - 2 le CIT) =3 (given BC)

it (it) - 2Ñ co) =D (BC originated on the road)

vs uCx) = a cosh× + bsiulex + ¥ sire ×

BC us unique values of a ,b Cov coeeciueeeess us at least one solution]
The solution is the unique vein . point . because

F Ceeto) = F CUT + OF fee , O) + § (82+02)

(b) The wire does not exist
,
and the iuf . is equal to the win .

Of Fcu) without Bcs , Which in turn is realized by the

unique solution to

it = ee - ± siux
ÑG) =° to @Bc) on the road } incompatiblewith given BCie GT) = 0

A possible way to find a minimising sequence consists in
taking a ueiu .

de without BC
,
and then modify it

wear ✗ =o so that deco) =3
-O -O -



let us consider the variational pbue

win { §° ( Eli? (✗→die + ¥u" +Siu
°
✗ ee tu : eeeHIS >GD}

uaeuely with Lagrangian L(×,sp) : = {Ft (x-5)p +¥ + (Siu
◦
✗4) s

Then CELE) is the given equation , and NBC are et = 8-✗ for
✗ =3 and ✗ = 6

, namely the given BC .

Existence of ueiuiueiters , uniqueness and regularity are rather
standard

.

Lee particular , compactness Wrt the usual notion of coeeoeugeuce
follows from the estimate

Lass ,p ) ≥ £ - 6 Ipl + ¥ - 21st

≥ ¥ P2 + f- s
"
- A

.

AI-tgeappnacb-setu.CH = vcx) +8×-É
and observe that satisfies the NBO

it = it + I = it + Siu ✗ + I = ( v + ex - E)
3
+ Siu

•
✗ +1

,

which leads to the variational formulation

win { § ( I V2 + ¥ (v + ex- ¥ )" + (sink+ e) v ) : ve H' 63,6 ))}

Again it is true that L (x, s, p) ≥ { P2 + f- s
≥
- A

- -
.
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Ca)E Sep) is relatively apt . ice ICQ) www.pi.8-I , namely when
the embedding W

"PCQ) → ICQ) is coeeepact .

Indeed

11Ulli
, p, a

≤ cost 11Dull% (a) ≤ cost J (CHU2XU×1Pt cosy key /
P )

at ↑ Q

Poincaré
cosy ≥ cos I ≤ cost
in a ↑defee . of Scp)

Therefore , S (p) is bounded ice W
"PCQ)

,
and hence it is

relatively apt .
ice L8 (Q) whenever 8 - p* .

(b) WETS Scp] is not relatively apt . ice ICQ) if p-E!
Let y c- CE (Q) with 4 #0 .

let ucx,g) = * QGx , >y ) , which

is well defined and ice CECQ) for every ≥ i.

witha standard change of variables we obtain that

See8 = +8A-2g
• •

48 So
,

U2 / u×1P = 12A
+ cat')P

-2£ 421@× /
P

§ Lux IP = ✗
cat"P

-2£ 16×1P § buy/P ≥ flat
' >P -2£ I@g)

P

As a consequence
,
if I-5 and we obtain

a family that is contained in Sep) and unbounded ice ICQ) .
The two inequalities can be satisfied simultaneously if p - § .

Reenacted It could be interesting to c-Westgate the range
G- ≤ p ≤



(c) IttsthesetofaHfeeuctiowseeeW¥(Q)tha#satisfytleesaeuoiwequality.LV
let 502) devote this new set . We have to check two facts .

Ci ) If {em} C- 5 a2) and un- no ice ICQ)
,
then up c- 542) .

Indeed
,
as ice point (a) the sequence { the } is bounded in

W
""

(a) ,and therefore it is relatively Cpt . ice L8CQ) , and also
in Coca)

.
The bowed ice W

""

(a) implies that flee limit

no belongs to W
""
CQ) . It remains to show that the satisfies

the Saelee inequality .

This is true because the functional
it → Sa CHU2) Lux IP +cosy I Uy IP

is LSC with respect to uuif .
Coeur

. of functions and
weak convergence in Econ] of gradients .

The only uoeetrivial

part is the levee with U2 IUXIP
, for which we can exploit

the following result .
hang If fn → for uuif . and gm

-

go weakly L} then

fngm - for go weakly L?

Cio) If we 5423 , then there exists {Um} ≤ saz) such that
um - ee weakly ice ↳ (and actually also ice a stronger
sense

, namely ueeif . and L
"

weaky on the gradients) .
If u satisfies the strict inequality , then it is enough
to consider any approximating sequence ice the definition
of WYCal .

Otherwise , we observe that die with + c- coil) belongs to
5 Ceos with strict inequality , and we conclude with
the standard diagonal procedure .
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To begin with , we observe that the operator is KATE .

(a) YEs[ Indeed

/ [Tf ]⇔ / ≤ {
✗

If Csiut) Idt ≤ 11 f- 11 ☒ - × It ✗E CO , IT)

and therefore worm of the operator

b-

11Tf His ≤ 11 f- 11 • { § x2 dx }
"

If 110

↑
equality if f is constant

(b) YETT If {fm } ≤ Ecco , D) is bounded , then {Tfm } is

equi - Lipschitz , and [Tfm] co) =D .

Ascoli - Arteta ⇒ {Tfn } is rel . Cpt . ice (20,11-3) ,
and hence a fiction ice L

"
(co, it)) .

G)NI The operator is open if and only if it is surjective .
In this case T is not surjective because all the elements

of the image are Lipschitz continuous .
(d) Tfaudoueyifp>2# The key estimate is the following ,
where weassume that ✗ E CosE)

✗
siux

/ [Tf] Cx] / ≤ § If csiut) / let = J If Curt¥ dy
↑ ◦

g- siut

siux lip stun

≤ { § I fess /Pay } { § pity }
"
P

"

FEET #⇔É
⇔ pie 2 ⇔ p > 2
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