1. Let us consider the functional
F(u) = / (v'(2)* + sinz - u(z)) dz.
0

(a) Discuss the minimum problem for F'(u) with boundary condition u(0) = 5.

(b) Discuss the minimum problem for F'(u) with conditions

(@) g = - owd, v doen wob  extsb
Suss doste, Wod  m () = S-m= Sa%@a@b% e BDC and T (Us) —» P
(6) Frusbo)y= Fooy «+ £ {V* +§& % § @ xstun) v

Q ©

te ] ™ teR 1
+lav vy - Lao v °§

W N =£\;m®x 2Q.

b
(ELE) JUSP) = —sw Rk + A ~y ) =—8‘Lm7«+0;+b7«+073+d><3+;«7<
. 2 0
U=, (o) =R 3 o %
(XY Qo .1\
M () =0y U () =0 &cofrz5 U (o) =0

Wi e mo@mu% Whew couoous we doali a %é@wb ©§
e cguodiouns oW byd,e
6T + la7te =0
6 + 2TTe =O
"SWJLC?Q)&*:’O
Widt Uon cleaBy a. wuique Sdufioit.
T, W\/\M?Dwo\.bu% soluMenw uo s a e 'pott,d Rcaut

-
Fluro) = F) + 3T (ue,0) +£ N (7)<
N L

u 1)
S R ELE o & N =0
/=> N =0 ke caw®

—

N (oy=0 aud, (V=0

TMS,Q«Q,\\J& Wi potd” 18 wubqul. .



2. Let us consider, for every function f € L*°((0,1)), the boundary value problem
u’ =u’ +|f(z)| - u, u(0) = 2022, /(1) =0.
(a) Prove that the problem admits a unique solution.

(b) Discuss the regularity of this solution.

(c) Let S : L>((0,1)) — L*((0,1)) be the operator that associates to each function f the
corresponding solution u. Determine whether S is a compact operator.
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3. For every positive integer d, let By denote the unit ball in R?. For every real number M > 0,
let us set

S(d, M) :=sup {/Bd arctan(u®(z)) dz : u € Hy(By), |Vu(z)|? do < ]V[} .

Bg
(a) Determine whether the supremum is actually a maximum.

(b) Determine the following limits
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4. For every function f € L} (R), let us set

[Tf](x) = sin (/Ozf(t) dt> Vz € R.

Determine whether the restriction of T' defines

(a) a Lipschitz continuous operator L((0,1)) — L7((0,1)),
(b) a compact operator L*((0,1)) — L>((0,1)),
(c) a continuous operator L*®((0, +00)) — L>((0, +00)).
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