1. Let us consider the minimum problem
1
min {/ (v — 2)* + (u—2%)*] dz:ue CH([0,1]), u(0) = a} :
0

(a) Determine for which values of the real parameter a the problem admits a unique solution.

(b) Determine for which values of the real parameter a the solution is a polynomial.
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2. Discuss existence, uniqueness, and regularity of solutions to the boundary value problem
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3. Let Q := (—1,1)? denote a square in the plane. Let us consider the set
S(p) = { '@ [ulepdedy=20. [ (uileg)l +lu o)) dody < 22},
Q Q
Determine for which values of the real exponent p > 1 the following three quantities are finite:

Ci(p) := sup{u(0,0) : u € S(p)}, Cs(p) := inf {/ﬂu(m,y)?’ drdy:ue S(p)} ,

Ci(p) = sup {/1 u(t, 8 dt  u e S(p)} |
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4. Let us consider the operator T : L?((0,1)) — L?((0, 7)) defined by
[Tf](z) = / sin(f(t)dt  Vz € (0,7).
0

Determine whether the operator T is

) linear,
strong-strong continuous,

(a

(b)

(c) weak-strong continuous,

(d) compact,

(e) Lipschitz continuous (if this is the case, then find suitable bounds on the Lipschitz con-
stant).
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