
ELE ( Lp )
'
= Ls ( ie - ✗ )

'
= µ - x2 vs ii. = ee +1 - x2

NBC Lp =D us it G) = I

ie = let 1 - x2 vs ee G) = ✗2+1 + Isiah✗ + B cos@ ✗

{ U (o) = a pot I = a

2 +✗ cosh I+pgiueng = g
us

Weigle solution

ie a) = 1 (do ,Bo)

CLAIM : eeocx) = 5+1 tdosiuhx +Bo Cosa × is the Weique cleiuiueizer .

tended any other competitor wcx) can be written as we⇒ = uocx) too)

with OCO) = 0 Aled

FCW) = FCleo) + OF Cao,d) +§ (02+02) dx
→ this weeds to be checked

ZF Cleo) with equality if and only if ooh = 0 .

The solution is a polynomial if and only if do = Bo =0 ,
but this

is impossible because of the NBC.

Conclusion : → the ueiiieuiezer exists and is unique foeeoeeyac-R-stleeueiuiuiezerisNEVERapdg.fi#)



ii. + lie lie = let 1×1 us ELE of

niece {§ ( Leif+ f- lie 13 + I ee't latte )dx : ee c- H'CGI , D) + DBC }

Lays ,p ) = 1-2102+6-11013 + ÉSZ + bets vs Lp =p + I IPIP = : 4 (p)

standard direct ueetleod
←
NEEDED

→ weak formulation with F : H' (C-I > D) → 1120 {to}

→ coeeepacteeess because Lexis ,p ) z Ip2+2-5 - 1st Z ÉP2-A +DBC

→ Lso because p
→ Ép2t§ IPP is convex and bounded from below

+
with respect to ten → ten ueeif .

deed ein - ein L2-weak
.

→ Regularity : ice the usual way we feted that
I

[Details weeded]
ee c- µ

1
⇒ ee e ⇒ RHS E

( ie + I lie lie )
'

= let 1×1
⇒ accies c- Ct ⇒ elect

Fib Cpj function of the- 'eat
⇒ elect µeca-

at least , but
class Ctwith iuoerse of actually
class at optimal

→ Uniqueness : thanks to the convexity of p → Ipp we feted that ,
for every ve Hb e-1,1 )) :

I

FCut0) = FCW) + OFCte , a) + I § (02+02)dx
if u solves thee given equation

7- Foes with equality if and oeeeg if 0=-0
As a consequence
→ every solution to the equation is a ueeiieueizer
→ the ueiuiueirer is ceeeéque .



General idea :

→ acp) is finite <⇒ W
"

PER) → Ecs) ⇐ p>2☐
→ czcp) is finite⇐ W

'

PER)→ BED ⇐ 3 e-p* ⇐ pz§
→ czcp) is finite ⇐ Tri- W

"PER) → ↳ (diagonal ) ⇐ 8£ ^p*⇐pz¥
+trace

[To beprecise , this is true
Positive part : Hee- les Hp E C K Dullp in every smaller cube ]

I ptsw T
BOUNDED in Scp)

FIXED

Therefore there exists ME R Sit. All lls
,p,•
EM tee c- Scp)

Counterexamples

G(p Take any tee H'(D) but unbounded ice (0,0] . We can assume

that Atul is I 1 and See = 20
t

if not , consider ✗a
+

if not , consider ee to

Now approximate in H
'
with the c- Ct and adjust to preserve Suu = 20

GCp Take yeC? (A) with 4>-0 and y ¥0 . Define eeucx) : = - aucpcnx )

If 3 >p* we can choose an suck that

11Dwell Lp
= constant

,
Steve → -0

, § bee → o
r

Now add a constant in order to adjust cents

czCpCT Same as before , of course with a #O ou the diagonal of
the square .



(a) T is vo linear . Take fcx) = IT and observe that Tf =-D but

1- (Ef) ¥0 .

L2
(b) YES☐ . If fn → for , then up to subsequences fncx) → fr Cx)

almost everywhere , then siucfnlt)) → Siu (facts) a.e. with

equiboueeol ⇒ [Tfn] Cx) → [Tfw]Go for every ✗ with equi
-bound

⇒ Tfm → Tfo ice L?
a fm

EmG)NLT consider fnc⇒ that alternates 0 audit .

← InThen fn - for = .
Ou flee other hand

Tfn⇒ but Tfo -10 .

(d) YES☐ { fn} bounded in Ecco ,D) ⇒ {Tfm} bounded ice 560 ,ñD
and I- lip .

continuous ⇒ { fn } rel . got . ice CEO,ñ3 )
t
A-A

. ⇒ {fn} rel . opt . ice Ecco,ñD .

Stax

(e) / [Tf] Cx) - [Tg] Cx) / I §lsiucflty-siucgctbldbs.eu/-
⇐ § / fct)-get /dt I lsiuxl

"'
IIf-811%

, ,,

LT

⇒ 11Tf -Tg 11%,¥,
11 f -g Ile { § siuxdx}

"
± Ell f- g 11,2 ⇒L±F①

Now take gtx⇒ and fat = In
.

There

L.tn =L 11f-gllecco.mg 2 11T£ -TgHiccup = Hsiu 'ñ - sell✗ Hereon,

= siutn.FI ⇒ LzF



Appeuo.IT

② tee pbue 2 the solution is of class C
"
but not of class C?

Tuobeob
, from

(Ili 1+1 ) ie - u = 1×1

we see that the LHS is NOT differentiable ice ✗ =D
. If ee EC?

this is possible only if i co) =D. If Uco] = c , then by
uniqueness we deduce that the solution to the

CAOCHYPBM-ii-Y.tl#-isaeeeveeefueectioee,
which is not

compatible with the DBCS .

② It should be possible to prove that the Lipschitz constant

ice pbue (4e) is the solution to the following variational

problem (which reminds us of the Poincaré constant with IDBC )

IT
I

wax { § eecsiuxidx : §iecx5dx =L, ee cos -0 }

cacteeally the constant is the square root of the wax, whose
existence should be an application of the direct method )

☒ Given f- andg , set wilt) =/f- Ct) - get> 1 . Then

siux

IFF] an - [Tg]c⇒ I ± § lf÷¥¥dt
= eecsiux)

and therefore
11Tf-Tg 11pm, = 11 lecsiux)Him,

⇐ L Illicit
Lyla , ,)

=L Ilf -811
,yea,,

☒ Consider gon⇒ and fcx) = in liocx , where eeocx] is a
ueescxiueizer for the variational problem .


