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1. Let us consider the functional

F (u) =

Z 1

0

�
u0(x)2 + x2u0(x) + u(x)2

�
dx.

(a) Discuss the minimum problem for F (u) with boundary conditions u(0) = 0.

(b) Determine whether there exists a real number c such that the minimizer of F (u) subject
to the integral constraint Z 1

0

u(x) dx = c

is a constant function.

2. Discuss existence, uniqueness, and regularity of solutions to the boundary value problem

(2 + eu
0
) · u00 = u3 � e3x, u(0) = u(3) = 1.

3. Let B denote a ball in the space R3. For every p � 1 we consider the set

S(B, p) :=

⇢
u 2 C1

c (B) :

Z

B

�
|ru(x)|p � u(x)2

�
dx  2

�
.

(a) Determine whether the set S(B, 1) is bounded in L1(B).

(b) Determine for which values of p the set S(B, p) is relatively compact in L7(B).

(c) Determine for which values of p and q the set S(B, p) is relatively compact in Lq(B).

4. Determine whether there exists a function f : (�8, 8) ! R of class C8 such that

f(x) = cos x+

Z cosx

0

cos(f(t)) dt 8x 2 (�8, 8).

Every step has to be suitably motivated. Every exercise is marked considering
the correctedness of the arguments provided and the clarity of the presentation.
Just writing the answer without explanations deserves no marks.
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(a) L (X, S,p) = p
'

+ x-p + S2 Lp = (210+5)

ELE : (Lp)
'
= Ls us (2%+5)

'
= 2W us it = u - ✗

NBC ! 2 it (1) + I =D → it CD = - É

{
it = u - X us ee Cx) = ✗ +aSiu@✗ + boosh✗

all Coy =D us b = o

ie G) = -1-2 us 1 + a cosh I = -I → find a uniquea

The unique solution eeocx) is the unique vein . point . Any other competitor
was can be written as was = that och

,
with OCD =D .

Usual computation . - . I

FCW) = Fcuo) + OF cue, a) + § Ñcx5dx tf ocxjddx
0

2 Fcuo) with = if and only if ocx) =-D .

(b) Assume that tho Cx) is a cuiuiieiezet . Then with FLCV with 0 average

(or Lagrange multipliers) we find that

bio = elf- ✗ +✗

It is trivial that no constant function satisfies this equation .

NOTED ② One should be more precise about the regularity of leo that is
required for the previous egu .

② Existence of leeiueueizers (wot required ice point (b)) can be

proved by either indirect or direct method .



3

Variational formulation Fcu) : = § ( it + eli + Eee
"
- e"ee ) dx

view { Fcee) : WE 1-1160,33) , eeco) = deed=L }
+
F : H' ((0,33) → ROftp.Toell-defeieeoliietltstaeeobarob

DIRECT METHOD .

→ Compactness follows from the estimate

Lcx,sap) = p2tÑ + Igs
"
- ets z p2 + ¥54- et Ist z p2-A

bFÉfroee below
and from the DBC

→ Lso : if Ilm → ee• uniformly and ien - ein weakly ice ↳ then

so 3
p → pate is caudex and )

liueiuf § (uiñ tellin ) 2 Socio + eÑ° ) ( bounded from below
3

3

live § (E een
"
- Eun ) = § (& eek - e"ee•) cuuif . convergence)

→ Regularity : let leo C- H
'

60,33) be any minimizer . Define

alt) : = F Cao +to) withe 0c- CICCO ,3D and find that

3

0 =p
'
cos = § (2%+8) Ñ + Cee}- et ) u
t

Owe NEEDS to verify that one can differentiate the integral ! !!

This requires that elite Lt , which follows from Foto) - t

This provesthat (2%+80)
'
= class -et from which weproceed ice the

usual way Cwe weed that p → septet has an iuoerse of class0)
→ Uniqueness . Exploiting convexity we obtain that

F Clo to) ZF Cleo) +OF Cleo,03 + § Jovi z Fcuo) with equality
8 if and only if - - .



Lstepsj If p -2, then SCB,p) is NOT bounded in any L9 (B) .

Tented
,
consider y c- CI (B) with 647 ¥0 , and define llncx) = Meech .

Then een C- SCB , p) when u is large and keen 11ha (B)
→ to

.

Stupid Tf p > 2 , then SCB , p) is bounded in W
"P (B) , and Welke

relatively compact in La (B) for every g- p* (with the agreement
that p* = to when p 232 . If 9=7 , this is true if p > ¥

Indeed, from Poincare - Sobolev inequality hell is E. Ccp> 11Pa 115 ,
so that

22 § ( Itup - et) 2 11Th11¥ - C Cpf 11DUKE vs 11Pull Lp bounded

→ Hulls,p,
bounded

t

Poincaré again

Lstepz Tf q zp* , then SCB,p) is NOT relatively compact in La (B) .
Tuobeol

,
the counterexample to the compact embedding W

"P
→ LP* delivers

us a sequence {een } E CE (B) suck that

lÉpÉ 11 Um -Um 11 Lp*
± co so if u =/ me

this implies {een} c- SCB,pj
Be fiction this is true in El if qzp*

Lsteped If p=z , the answer depends on the Poincaré constant PB of B, which is

proportional to RI radius of B.
→ If Pps - 1 (small radius) , the same argument as before shows that

SCB,2) is bounded the W'" (B) , and hence rel . opt . in LP (B) iff g- 6 .

→ If PB 21 ( large radius) , then there exists ye tho (B) with 4 ¥0 S.t.

S (117612-42)--0 .
Now consider Um = my .

Then again

S ( IDun f- eui ) -0 and Hunky very large . By approx we feted ins.t.SIturn 12- ien') £2 and 11 in 11 it very large
t
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Consider the triple V = C 2k with
✗ t +

normed convex compact cpt .
thanks to

q
Ascoli -Arteta

V : = 0 ([-8,83) wet the sup home

K '
- = { de c- V1. 11 delle £2 and ee is 2- lip . continuous }

cosx

Consider the operator C-f) Cx) : = cosx +S cos CfctDdt
0

we daiuee that T:c → K and is continuous

→ continuity : observe that

cosx

I [Tf]c⇒ - [Tg] cxs I ⇐ I § ccoscfltD-coscgltDJ.at/
I

E S lfct) - get] / dt I 211f-ghia
- l

so that T is actually Lipschitz continuous

→ TeenageCTJEK .

The bound / Elf]c⇒ I 12 is ahuost trivial
,
while the

2- hip . continuity follows from
cos-12

I [If] cxa) - ETF]cxD / I Icosxz- cosxil + IS cosCfct)dt / E 21 cosxz- cos✗it .
Cos-11
I 1

SCHAUDER FIXED POINT THM ⇒ there exists f- C-① (2-8,83) sit .

Tf = f , uaeuely s -
t

. f solves the given equation .

BOOTSTRAP ARGUMENT ⇒ any fixed point in
0 is actually in C?

peueark☐ We can set the fixed point argument in any LP space instead of 0.

Setting directly in 0 is quite annoying ! ! !


