1. Determine whether the functional
1
F(u) :/ (fézz—i—f&u—i—ug—i—u) dx
0

has the minimum in the class C*([0,1]).
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2. For every positive integer d, let us consider the following three inequalities:

/ u(z)*? dr < Ky, u(0) < Ky, [Vu(0)|| < Kq.
Ra
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For each of them, determine the values of d for which there exists a constant K, that makes it
true for every u € C°°(R?) whose norm in W219(R?) is less than or equal to 1.
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3. Let us consider the square Q = (0,1)2, and for every real number ¢ > 0 let us set

e} = inf{ /Q (u2 + ui +u) drdy:u € Cl(Q), /Q (u2 + 5'115) drdy < 5} :
Flw)

(a) Prove that I(¢) is a real number for every ¢ > 0.

(b) Determine whether there exists ¢ > 0 such that I(s) = 0.

(c) Find the limit of I(¢) as ¢ — +o0.
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4. For every f:(0,1) — R, let us set

[Tf](z) = f(z*) Vo e (0,1).

Determine whether the restriction of 7' defines

(a) a continuous operator H'((0,1)) — L*((0,1))
(b) a continuous operator W14((0,1)) — W4((0, 1))
(c) a compact operator H'((0,1)) — H'((0,1)).
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