1. Let us consider the functionals
1

F(u) = u(0) + /0 (@ + u?) da, G(u) = [u(0)]? +/ (4 + u?) d.

0
(a) Discuss the minimum problem for F(u) with boundary condition u(1) = 3.
=3

(b) Discuss the minimum problem for G(u) with boundary condition (1)
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2. Let a be a positive real number, and let us consider the boundary value problem
u"” = log u, u(0) = u(2020) = a

(a) Discuss existence, uniqueness and regularity of solutions.

(b) Determine the values of a for which solutions are less than 1 for every 2 € [0, 2020]. -U'\D‘a T — AL
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3. Let B denote an open ball in R?. For every real number p > 1, let us set

S(p) :=sup {f v’ dx 1 u € C(B), / |VulP dr = / udr = 5} :
B B JB

(a) Determine whether there exists py < 2 such that S(p) is a real number for every p > py.
(b) Determine whether there exists a real number p > 1 such that S(p) = +o0.

(¢) Determine whether there exists a real number M such that S(p) < M for every p > 2.
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4. For every sequence {z,} of real numbers, let us set

C(xy,20,23,...) = <T1. i ; 1}2" T+ 1;)2 + 1?3. N ) '

In other words, C'({2,}) is the sequence {y, } with

Determine whether the restriction of C' defines

(a) a bounded operator (* — (1,
(b) a bounded operator (1 — (2,

(¢) a bounded operator ¢ — ¢ (as usual ¢ denotes the space of sequences with a finite limit),
(d) a compact operator (*° — (.
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